We provide a systematic and thorough exploration of the ∆(48) family symmetry and the consistent generalised CP symmetry. A model-independent analysis of the achievable lepton flavor mixing is performed by considering all the possible remnant symmetries in the neutrino and the charged lepton sectors. We find a new interesting mixing pattern in which both lepton mixing angles and CP phases are nontrivial functions of a single parameter θ. The value of θ can be fixed by the measured reactor mixing angle θ 13 , and the excellent agreement with the present data can be achieved. A supersymmetric model based on ∆(48) family symmetry and generalised CP symmetry is constructed, and this new mixing pattern is exactly reproduced. *
Introduction
It is well-known that CP (CP is a combination of charge conjugation symmetry and parity symmetry) is not an exact symmetry of the nature. CP violation in the quark sector has been firmly established in oscillations and decays of K and B mesons [1] . In the lepton sector, the precise measurement of the reactor mixing angle θ 13 [2] opens the door to measure the leptonic CP violation. Measurement of the Dirac CP-violating phase δ CP has become one of the primary physical goals of the next-generation neutrino oscillation experiments. The origin of CP violation is a longstanding fundamental question in particle physics. In the Standard Model, violation of CP occurs in the flavor sector. It is conceivable that promoting CP to a symmetry at high energies which is then broken allows to impose constraints on the neutrino and charged lepton mass matrices [3, 4] .
In the past years, non-abelian discrete groups have been widely used to explain the structure of lepton mixing angles, please see Refs. [5] for recent reviews. It seems natural to combine the discrete family symmetry with the CP symmetry to predict both lepton mixing angles and CP phases simultaneously. However, the interplay between family and CP symmetries should be carefully treated [6, 7, 8] . In the presence of a family symmetry, in many cases it is impossible to define CP in the naive way, i.e., φ → φ * , but rather a nontrivial transformation in flavor space is needed [6, 7] . A typical example is the so-called µ − τ reflection symmetry [9, 10, 11] , which interchanges a muon (tau) neutrino with a tau (muon) antineutrino in the charged lepton mass basis. In order to consistently define CP transformations in the context of non-abelian discrete family groups, certain consistency conditions must be satisfied [3, 4, 6, 7] . In fact, it has been established that all generalized CP symmetries are outer automorphisms of the symmetry group [4, 7] .
Combining family symmetry with generalised CP symmetry, one can obtain lepton mixing angles compatible with the current experimental data and in the meantime predict CP-violating phases. This interesting idea has been explored to some extent in the past. The generalised CP symmetry has been implemented within S 4 [12, 13, 14, 15] , A 4 [16] , and T [17] family symmetries, and some concrete models have also been constructed. In these models, the full symmetry is generally spontaneously broken down to a cyclic subgroup in the charged lepton sector and to Z 2 × H ν CP in the neutrino sector. The surviving symmetries constrain the neutrino mass matrix and charged lepton mass matrix, leading to predictions for CP-violating phases as well as constraints on mixing angles. Typically, the Dirac CPviolating phase is predicted to take simple values such as 0, π, or ±π/2. A comprehensive analysis of the generalised CP within ∆(96) family symmetry is recently performed in the semi-direct approach [18] , and some new interesting mixing patterns are found. The generalised CP has also been investigated for an infinite series of finite groups ∆(6n 2 ) [19] , where the full Klein symmetry is assumed to be preserved in the neutrino sector such that the Dirac CP phase can only be 0 or π. There are also other approaches in which family symmetries and CP violation appear together [20, 21, 22, 23] .
In our recent paper [24] , we propose to use ∆(48) as the family symmetry and extend it to include the generalized CP symmetry. As we shall see later, the group ∆(48), which has been overlooked in the literature, has a large automorphism group of order 384. Hence ∆(48) provides us more choices for generalised CP transformations than some popular family symmetries A 4 , S 4 , etc. As a consequence, we find a new interesting mixing pattern, which is denoted as patter D in [24] , is admissible by neutrino oscillation experiments. This mixing texture can fit the experimental data quit well and predict the Dirac-type CP violation neither vanishing nor maximal, i.e., δ CP = 0, π, ±π/2. This paper is devoted to a comprehensive analysis of lepton flavor mixing within the context of the ∆(48) family symmetry combined with generalized CP symmetry. In section 2, we discuss the structure of the automorphism group of ∆(48) and present the generalized CP transformations consistent with the ∆(48) family symmetry. In section 3, we perform a systematic scan of lepton mixing within the framework of ∆(48) H CP by analyzing all possible residual symmetries in the neutrino and the charged lepton sectors. We find 10 different cases, and subsequently we investigate the corresponding phenomenological predictions for the lepton mixing parameters which depend on one single free parameter θ. In particular, a new interesting mixing pattern (pattern D in Ref. [24] ) is found. Both mixing angles and CP phases are nontrivial functions of θ, and three leptonic mixing angles in the experimentally preferred range can be achieved for certain values of the parameter θ. In section 4, we construct a supersymmetric model with both ∆(48) family symmetry and generalised CP symmetry. This model gives rise to the new mixing pattern we mentioned above, and its phenomenological predictions are discussed. In addition, the required vacuum alignment is justified. We summarize the main results of our paper in section 5 . Some details of the group theory of ∆(48) are contained in Appendix A, and the Clebsch-Gordan coefficients in the chosen basis are reported. Appendix B lists the vacuum alignment invariant under the remnant family and CP symmetries in cases II, IV, VI and VIII.
Generalized CP transformations consistent with ∆(48)
In this section, we are going to discuss all the possible generalized CP transformations which are consistent with ∆(48). Before that, we give a brief review of the consistent definition of the generalized CP transformation in the context of discrete family symmetries. It is nontrivial to impose the generalized CP symmetry on a theory in the presence of a family symmetry G f . For a field multiplet Φ = (φ R , φ P , φ * P , φ C , φ *
C )
T , (2.1) where the subscript R, P and C denote that the fields φ are in the real, pseudo-real and complex representations of G f , respectively. Under the action of the family symmetry, the field Φ transforms as Φ
where ρ is a representation of the group element g. Depending on the component fields φ R , φ P , φ * P , φ C and φ * C , the representation ρ is generally reducible with
3)
The generalized CP symmetry acts on φ as
where x P = (t, −x). Here we have omitted the action of CP on spinor indices for the case that φ is a spinor. X is a unitary matrix which represents a generalized CP transformation, and it is referred to as the generalized CP transformation matrix. In contrast with conventional CP transformation, X is not necessarily block-diagonal, and it generally interchanges different representations. In order to combine the generalized CP symmetry and the family symmetry, one has to satisfy the so-called consistency equation [4, 7, 6 ] 5) which implies that the generalized CP transformation X maps the group element g into another element g , and it is remarkable that the family group structure is preserved under this mapping [7, 12] . Since X is unitary and invertible, the kernel of this mapping is identity, and therefore the generalized CP transformation matrix X corresponds to an automorphism of G f . Now we turn to the concerned ∆(48) family symmetry group. From the multiplication rule listed in Eq. (A.1), we know that only the identity element commutes with all other elements of ∆(48). Hence ∆(48) has a trivial center Z(∆(48)) ∼ = Z 1 , and therefore the inner automorphism group Inn(∆(48)) is isomorphic to ∆(48) itself. The automorphism group of ∆(48) is quite involved, it is of order 384, and its structure can be summarized as follows: 6) where Aut(∆(48)) denotes the automorphism group of ∆(48), and Out(∆(48)) is the outer automorphism group of ∆(48) with Out(∆(48)) ≡ Aut(∆(48))/Inn(∆(48)). We find that Out(∆(48)) is isomorphic to the dihedral group of order eight, which is the group of all symmetries of the square, and it can be generated by two generators u 1 and u 2 with
It is straightforward to check that they satisfy the following relations 8) where id denotes the trivial map id(g) = g, ∀g ∈ ∆(48). All the automorphisms of ∆(48) can be generated from the generators u 1 , u 2 and inner automorphisms
where k = 0, 1, 2, m, n, µ = 0, 1, 2, 3 and ν = 0, 1, conj(h) denotes the group conjugation with an element h, i.e. conj(h) : g → hgh −1 . The outer automorphism u 1 acts on the irreducible representations of ∆(48) as
where 3 u 1 −→ 3 is to be read as ρ 3 = ρ 3 • u 1 etc. The outer automorphism u 2 acts as
A nontrivial CP transformation is in fact a representation of the corresponding automorphism in the sense of Eq. (2.5). For the one-dimensional representations, it can be easily fixed. Furthermore, Eq. (2.10) and Eq. (2.11) imply that the CP transformations for the automorphism u 1,2 can be defined consistently only if all the complex triplet representations 3, 3, 3 and 3 are present. Hence the generalized CP transformations X(u 1,2 ) corresponding to the generators u 1 and u 2 of the outer automorphism group act on the vector
The solutions to these equations are 14) up to an overall phase, where 1 3 denotes a 3×3 unit matrix, and P 23 is a permutation matrix
For the remaining three-dimensional representation 3, we find the associated CP transformation matrices
Moreover, given two automorphisms g 1 and g 2 of ∆(48) and the associated CP transformations X(g 1 ) and X(g 2 ), the product g 2 g 1 is also an automorphism, and the corresponding generalized CP transformation matrix is given by [7] 17) where W exchanges the complex conjugate components of the vector Φ with Φ * = W Φ which implies ρ(g) = W ρ * (g)W −1 . For the reducible Φ ∼ 3 ⊕ 3 ⊕ 3 ⊕ 3 shown in Eq. (2.12), the W matrix is of the form
, therefore the CP transformation for the automorphism product g 2 g 1 is X(g 2 g 1 ) = X(g 2 )W X(g 1 ).
Furthermore, the CP transformation for the inner automorphism conj(h) is given by
As a result, all the generalized CP transformation matrix X(g) with g ∈ Aut (∆(48)) can be straightforwardly obtained with the help of the general relations in Eq. (2.17) and Eq. (2.19). A complete classification of possible CP transformations which can be consistently implemented within ∆(48) family symmetry is achieved. The 8 outer automorphisms generated by u 1 and u 2 lead to different CP transformations and should have distinct physical implications. It is remarkable to note that most of the generalized CP transformations (for example X(u 1 ) and X(u 2 ) in Eq. (2.14)) only exchange different representations rather than map each irreducible representation into its complex conjugate representation as conventional CP. This comment is generally true for the generalized CP framework in particular the case that the order of the outer automorphism group is large than 2. In the present work, we minimally extend the ∆(48) family symmetry to include only those nontrivial CP transformations which map one irreducible representation into its complex conjugate, the corresponding outer automorphism should be of order 2, and we find that there are three such kinds of outer automorphisms:
, its actions on the ∆(48) generators a and c are
It interchanges 3(3 ) with 3(3 ), and it is represented by
For h 2 = u 1 u 2 , the generators a and c transform as
h 2 maps 3 and 3 into each other, and the corresponding CP transformation is given by
Finally for h 3 = u 3 1 u 2 , it acts on a and c as
The irreducible representations 3 and 3 are exchanged under h 3 , and the associated CP transformation is
(2.25)
3 Model-independent analysis of lepton mixing patterns within ∆(48) H CP
The basic framework
First of all, we briefly review the setup which we will use to predict the mixing matrices from remnant symmetries. The basic formalism has already been stated clearly in Ref. [12] . In Fig. 1 . The three generations of the lepton doublet fields are assigned to a triplet 3 of ∆(48), the results for embedding into other faithful triplets 3, 3 and 3 are also presented thereafter. The residual family symmetry G l in the charged lepton sector is chosen to be an abelian cyclic subgroup G l ∼ = Z m with m ≥ 3 3 . Moreover, we assume that the light neutrinos are Majorana particles such that the group G ν must be restricted to the Klein subgroup K 4 or a Z 2 subgroup of ∆(48).
From Appendix A, we see that the cyclic subgroups of ∆(48) can only be Z 2 , Z 3 or Z 4 . Firstly, we consider the case of G ν = K 4 and G l = Z 3 , where Z 3 denotes any Z 3 subgroup Z (x,y) 3 (x, y = 0, 1, 2, 3), we find a unique mixing pattern:
which implies maximal solar and atmospheric mixing angles, and the reactor angle is predicted to fulfill sin 2 θ 13 = 1/3. Obviously this scenario is not compatible with the current experimental data [25, 26, 27] . Then, we consider the case of G ν = K 4 and G l = Z 4 , the resulting PMNS matrix is a trivial unit matrix up to permutations of rows and columns. This case is not phenomenologically viable as well. Consequently, we proceed to degrade the remnant symmetry group G ν from K 4 to Z 2 , and G l is still Z 3 or Z 4 . In this scenario, the lepton mixing angles and CP phases are predicted in terms of a single real parameter. For the case G ν = Z 2 and G l = Z 4 , one column of the PMNS matrix is determined to be (1, 0, 0)
T up to permutations. The experimental data can not be accommodated. Finally, we concentrate on the residual family symmetries G ν = Z 2 and G l = Z 3 . There are 3 × 16 = 48 possible combinations, but we find that all of them are conjugate to each other, as shown in Eq. (A.4) and Eq. (A.6). As a result, it is sufficient to consider only
where K l is a diagonal phase matrix, P l is a permutation matrix which can be one of the following six values: Since charged leptons are Dirac particles, the diagonal phase matrix K l can be rotated away by redefining the phases of right-handed charged leptons and thus K l is unphysical. The underlying symmetry ∆(48) H CP is broken down to G
CP in the neutrino sector. Notice that the semidirect product between the flavor and generalized CP symmetries is reduced to direct product, and this is generally true for the remnant flavor symmetry being Z 2 [12, 16] 
It is straightforward to check that the consistency equation is really satisfied, i.e.
Hence nontrivial CP transformations of H ν CP could be the following unitary matrices:
We can construct the light neutrino mass matrix m ν by demanding that it respects both the residual flavour symmetry Z 
13)
The most general neutrino mass matrix m ν which satisfies Eq. (3.12) can be expressed as
where α, β, γ and are complex parameters, and they are further constrained by the remnant CP invariant condition in Eq. (3.13). The different constraints on α, β, γ and for all the consistent residual CP symmetries are summarized in Table 1 . The scenarios (e.g., X ν = ρ(c)X(h 3 )) which predict degenerate light neutrino masses are not viable, and hence are not included in this table. It is interesting to note that the invariance under the residual
Taking into account the invariance condition of Eq. (3.12) under Z c 2 2 , we have
impose the same constraint on the light neutrino mass matrix.
Performing a tri-bimaximal transformation U TB [28] on the neutrino mass matrix m ν of Eq. (3.14), we obtain
where 2 family symmetry in the neutrino sector and the resulting constraints on the parameters α, β, γ and in the neutrino mass matrix of Eq. (3.14). The second column stands for the ∆(48) triplet to which the lepton doublet l is assigned. The subscripts "Re" and "Im" denote the real and imaginary parts, respectively.
Furthermore, m ν can be diagonalized by a unitary matrix U ν as
For all the cases listed in Table 1 , we find that U ν can be factorized into the form
where Ω is a constant unitary matrix to make Ω T m ν Ω real, and the explicit forms of Ω for different remnant CP symmetries are summarized in Table 1 . R(θ) is a rotation matrix with
Being analogous to the charged lepton sector, P ν is a permutation matrix, and it can also take the six possible forms shown in Eq. (3.7). Because light neutrino masses are unconstrained in the present framework, the contribution from the neutrino sector to the lepton mixing is fixed up to permutations of columns. This is exactly the reason why P ν appears in Eq. (3.19) . K ν is a diagonal matrix with non-vanishing entries being ±1 or ±i to ensure the neutrino masses m 1,2,3 are positive. Combining the result for the charged lepton unitary matrix U l in Eq. (3.6), we find that the PMNS matrix is predicted to be
Notice that the phase matrix K l can always be absorbed into the charged lepton fields, and therefore would be omitted henceforth. Since the contribution from the matrix K ν is only possibly shifting the Majorana phases by π, the factor K ν will be neglected as well in the following of this section. It is necessary to emphasize again that the lepton mixing matrix U PMNS is only determined up to permutations of rows and columns here (i.e. P l and P ν ), because both the charged lepton masses and the neutrino masses are not constrained within the current framework. In the PDG convention [1] , the PMNS matrix is cast into the form
2 , e 
Possible mixing patterns
We find 10 cases corresponding to different remnant symmetries listed in Table 1 . Phenomenological predictions for lepton mixing parameters have been reported in our previous work [24] , where the results are just presented without details. In the following, we will demonstrate how to derive these interesting results, and what's more, predictions for the PMNS matrix and light neutrino masses are listed for each case. These results are also useful for the phenomenological analysis of the constructed model in section 4. For each symmetry breaking pattern, all possible permutation matrices P l and P ν would be considered. Among all possible permutations, the one which could be compatible with the observed lepton mixing angles with θ 23 in the first octant 4 will be shown in the following. By switching the second and the third rows, θ 23 in the second octant can be accommodated. Now we begin to study the ten cases one by one.
In this case, we have α Im = β Im = γ Im = Re = 0, where the subscripts "Re" and "Im" denote the real and imaginary parts, respectively. The unitary matrix Ω that we choose is
Taking into account the different values of permutations P l and P ν in Eq. (3.22), we obtain the PMNS matrix which is compatible with experimental data as follows
where the phase matrices K l and K ν have been omitted, and for simplicity they would be omitted as well in the following cases. The rotation angle θ is determined by
The corresponding predictions for the lepton mixing parameters are presented in Table 2 .
Note that which quadrants all the CP phases lie in cannot be determined in the present framework, and thus we only list the absolute values of tangents or sines of the CP phases. The lepton mixing angles in particularly the sizable θ 13 compatible with the experimental observations can be achieved. For the value of θ = 0.184, we have sin 2 θ 13 0.0222, sin 2 θ 12 0.341 and sin 2 θ 23 = 1/2, which are in excellent agreement with the present data [25, 26, 27] . Moreover, the Dirac CP violation is predicted to be maximal δ CP = ±π/2, while the Majorana CP phases α 21 and α 31 are trivial. Finally mass eigenvalues of light neutrinos are
where four parameters α Re , β Re , γ Re and Im are involved in these expressions. Therefore, the measured neutrino mass-squared differences ∆m 2 ij (for ij = 21, 31, 32) can be easily accommodated. No constraints on light neutrino masses are imposed in the present context, and hence the neutrino mass spectrum can be either normal ordering (NO) or inverted ordering (IO) in this case. 4 sin 2 θ 23 has two best-fit values sin 2 θ 23 = 0.413 and sin 2 θ 23 = 0.594 [26] . The octant of the atmospheric mixing angle θ 23 has not been fixed so far.
The residual CP symmetry constrains the parameters as: Using the freedom of permutations of rows and columns, the phenomenologically interesting PMNS matrix reads 30) where the angle θ is
All the mixing angles and CP-violating phases are expressed in terms of the parameter θ, as shown in Table 3 . Light neutrino masses in this case are shown as
Following analogous arguments as before, we see that light neutrino masses remain unconstrained in this case as well.
The parameters α, β, γ and are constrained to satisfy α Re = β Im = γ Im = Re = 0. We find the unitary matrix
The PMNS matrix takes the form
Predictions for lepton mixing angles and CP-violating phases are collected in Table 3 . Light neutrino masses are given by The PMNS matrix takes the following form 38) with tan 2θ =
Up to a factor of π for the Majorana phase α 21 , the PMNS matrix in this case is the complex conjugate of the PMNS matrix of Eq. (3.30) in case II. Given that the quadrants of the CP phases are unpredictable, we obatin the same mixing parameters as those of case II, as shown in Table 3 . However, light neutrino masses take different values as follows
Invariance under this remnant CP leads to α Im = Im = 0, β Re = γ Re and β Im = −2γ Im . The unitary transformation Ω turns out to be
The "best" PMNS matrix reads
where the rotation angle θ is
The results for the mixing parameters are the same as those of case III except the Majorana phase α 21 , as shown in Table 3 . The light neutrino masses are given by
The constraints on the parameters α, β, γ and are The phenomenologically interesting PMNS matrix takes the form where tan 2θ =
We see that the mixing matrix in Eq. (3.46) is identical to the complex conjugate of the corresponding one of case IV. Predictions for mixing parameters are listed in Table 3 , and they are the same as those of cases II and IV. Light neutrino masses are determined to be
We find the relations α Re = Im = 0, β Re = γ Re and β Im = −2γ Im satisfied, which leads to The mixing parameters turn out to be the same as those of case I except that the Majorana phase α 21 is maximal instead of zero in this scenario, as can be found from and the desired PMNS matrix is given by where tan 2θ =
Notice 
The neutrino mass matrix m ν is constrained to be real such that α Im = β Im = γ Im = Im = 0 arises. The unitary transformation Ω is trivial Ω = 1 3 in this case, and we can straightforwardly obtain the corresponding PMNS matrix as follows
with the angle θ
Expressions for lepton mixing parameters are shown in Table 3 , both Dirac and Majorana CP phases are predicted to be trivial. The deviation of the atmospheric mixing from maximal mixing is expected. The light neutrino masses are determined to be
The residual CP symmetry leads to α Re = Re = 0, β Re = γ Re and β Im = −2γ Im . In this case, the unitary transformation Ω is of the form (3.60)
The resulting "best" PMNS matrix 
Best The measured value of the reactor mixing angle sin 2 θ 13 0.0227 leads to sin 2 θ 12 0.341, which are compatible with the experimentally allowed regions [25, 26, 27] . It is remarkable that all the mixing parameters depend on only one free parameter θ with period π in the present context, and in particular the CP phases are nontrivial function of θ except cases I, VII, IX and X.
In order to measure quantitatively whether and how well the different mixing schemes listed in Table 2 and Table 3 can explain the current experimental data, we perform a χ 2 analysis and the χ 2 function is constructed as usual
where sin 2 θ ij depending on the parameter θ is the theoretical prediction of the present work, as collected in Table 2 and Table 3 . sin 2 θ ij ex represents the experimentally measured value of the mixing angle, and σ ij is the corresponding 1σ error. Their values are taken from Ref. [26] and are summarized in For each remnant CP symmetry, all the possible permutations of rows and columns of the PMNS matrix are studied, and the corresponding minimal values of χ 2 are calculated. Then the arrangement of the PMNS matrix with the smallest χ 2 minimal value is chosen, and the analytical expressions for the mixing parameters and the best-fit results are presented in Table 2 and Table 3 . We find that the PMNS matrix with the smallest χ 2 for the central value sin 2 θ 23 = 0.594 is related to the one with the smallest χ 2 for sin 2 θ 23 = 0.413 by exchanging the second and the third rows, and the corresponding results for mixing parameters and their best-fit values are shown below the dashed line. Because the sign of tan α 21 and tan α 31 depends on the CP parity of the neutrino states which is contained in the matrix K ν , we present the absolute values |tan α 21 | and |tan α 31 | in Table 2 and Table 3 . We see that, first of all, the measured three lepton mixing angles can be accommodated very well for certain values of the parameter θ except cases III and V, which predict sin 2 θ 12 = sin 2 θ 23 or sin 2 θ 12 = 1 − sin 2 θ 23 . Furthermore, since mixing angles as well as CP phases are predicted in terms of a single parameter θ, different mixing parameters are strongly correlated with each other.
The correlations among mixing parameters for each cases are displayed in Figs. 2, 3, 4 and 5. Some comments based on these figures are presented in the following.
• In case I and case VII, the solar and reactor mixing angles are related by 3 sin 2 θ 12 cos 2 θ 13 = 1, and the atmospheric neutrino mixing is predicted to be maximal θ 23 = π/4. Hence excellent agreement with the experimental data can be achieved, as shown in Fig. 2 . Moreover, the Dirac CP is maximally violated δ CP = ±π/2, while the Majorana CP phases sin α 21 = sin α 31 = 0 in case I and cos α 21 = sin α 31 = 0 in case VII. Comparing with previous work on S 4 family symmetry combined with the generalised CP [12] , we see that the mixing pattern in case I can also be achieved within the context of S 4 while the pattern in case VII can not be obtained.
• In case IX and case X, θ 12 and θ 13 are predicted to be of the same form as those of case I, whereas the atmospheric mixing angle θ 23 deviates from maximal mixing. which are plotted in Fig. 3 . For the best-fit value of the reactor angle θ 13 = 8.66
• [26] , the other two mixing angles are determined to be θ 12 35.73 • , θ 23 38.82
• or θ 23 51.18
• , which are compatible with the preferred values from global fits. There is no CP violation except that the Majorana phase α 21 is maximal α 21 = ±π/2 in case X. The mixing texture of case IX is also admissible in S 4 family symmetry with generalised CP [12] although the one in case X is not achievable.
• Predictions for cases III and V are shown in Fig. 4 . All the lepton mixing parameters nontrivially depend on θ. Especially, we have θ 23 = θ 12 or θ 23 = 90
• − θ 12 . The best-fit value of θ is θ bf = 0 for which sin 2 θ 13 is minimized with sin 2 θ 13 (θ bf ) = 2 − √ 3 /6. Hence in this scenario θ 13 has a lower bound θ 13 ≥ 12.2
• which is beyond the 3σ range of the experimental data. Furthermore, we have sin 2 θ 12 (θ bf ) = 8 − 2 √ 3 /13, sin 2 θ 23 (θ bf ) = 8 − 2 √ 3 /13 or sin 2 θ 23 (θ bf ) = 5 + 2 √ 3 /13, therefore the predicted mixing pattern reduces to Toorop-Feruglio-Hagedorn mixing [29, 30, 31] for θ bf = 0. Note that imposing S 4 family symmetry and generalised CP can lead to the mixing pattern of case III but not that of case V [12] .
• Cases II, IV, VI, and VIII are most interesting. The resulting mixing pattern are firstly proposed in Ref. [24] (denoted as pattern D there). The mixing parameters are predicted to be of the same form in all the four cases, and the correlations among them are shown in Fig. 5 . The following relations among the mixing angles are satisfied:
3 sin 2 θ 12 cos 2 θ 13 = 1, ±π/2 while δ CP and α 21 don't take simple values 0, π or ±π/2. This is a distinguishing new feature of ∆(48) family symmetry compared with widely discussed A 4 , S 4 family symmetries. Moreover, we note that the predicted value of the Dirac CP phase δ CP is compatible with the current 1σ preferred range 0.9π ≤ δ CP ≤ 2.0π from global fits [26] . Future dedicated long-baseline neutrino oscillation experiments such as LBNE [32] and Hyper-Kamiokande [33] can measure the Dirac phase with a certain precision such that this mixing pattern could be tested. Although this mixing pattern cannot be obtained from A 4 and S 4 family symmetry, it can be realized in ∆(96) family symmetry with generalised CP [18] . However, the associated remnant symmetries within ∆(48) and ∆(96) frameworks are different. From the model building perspective, the ∆(48) family symmetry should be preferred over ∆(96) family symmetry to produce this mixing pattern since the group structure of ∆(48) is simpler than ∆(96).
Model with ∆(48) and generalised CP symmetries
Inspired by the general analysis in the previous section, we will construct a dynamical model in this section, where the new mixing pattern in Table 3 is realized. The model is based on ∆(48) H CP , which is supplemented by the auxiliary symmetry Z 2 × Z 5 × Z 6 . Z 5 × Z 6 distinguishes the flavons in the neutrino sector from those entering into the charged lepton sector, and Z 2 further distinguishes the flavons ϕ, ρ, χ from φ, ζ, σ. 
Relations of mixing angles (sin θ 13 , sin 2 θ 12 ) and the Jarlskog invariant J CP for cases I and VII. The other mixing parameters θ 23 , δ CP , α 21 and α 31 are not shown here since they take constant values. We mark the best-fit value θ bf of the parameter θ with a red star, and also mark θ = 0, π/6, π/4, π/3, π/2 with a cross on the curve. The 1σ and 3σ ranges for the mixing angles are taken from Table 4 . 
Figure 3: Relations of mixing angles (sin θ 13 , sin 2 θ 12 , sin 2 θ 23 ) for cases IX and X. CP-violating phases are not shown here since they are predicted to be constant. We mark the best-fit value θ bf of the parameter θ with a red star, and also mark θ = 0, π/6, π/4, π/3, π/2 with a cross on the curve. The 1σ and 3σ ranges for the mixing angles are taken from Table 4 . triplets 3 and 3 respectively, while the right-handed charged leptons e c , µ c and τ c are all invariant under ∆(48). The field content and their transformation properties are shown in Table 5 .
Basic structure
Our model is formulated within the framework of supersymmetry, and the neutrino masses are generated via type-I seesaw mechanism. The superpotential relevant to the charged We mark the best-fit value θ bf = 0 with a red star, and mark θ = π/6, π/4, π/3, π/2 with a cross on the curve. The 1σ and 3σ ranges for the mixing angles are taken from Table 4 . We mark the best-fit value θ bf of the parameter θ with a red star, and mark θ = 0, π/6, π/4, π/3, π/2 with a cross on the red curve. The 1σ and 3σ ranges for the mixing angles are taken from Table 4 .
Field
1 ω lepton and the neutrino masses are
with
where all the couplings are constrained to be real by the generalised CP symmetry. As we shall show in section 4.2, at LO the flavons develop the following VEV configuration:
With this vacuum configuration, we find that the charged lepton mass matrix is diagonal with
where
It is remarkable that the mass hierarchy among charged leptons can be correctly reproduced for
where λ 0.23 is the Cabibbo angle. As a result, at LO there is no contribution to the lepton mixing matrix from the charged lepton sector. For the neutrino sector, we can straightforwardly read out the Dirac and the right-handed neutrino Majorana matrices as
Note that the x 2 term in Eq. (4.3) does not contribute to the m M . The reason is that the contraction (ϕχ) 3 vanishes for the alignment in Eq. (4.4) . The light neutrino mass matrix is given by the see-saw relation:
Therefore we have
Notice that m ν is of the same form as the neutrino mass matrix in Eq. (3.14) which is the most general Majorana neutrino mass matrix invariant under the action of the residual flavor symmetry Z c 2 2 = {1, c 2 }. Imposing the generalised CP symmetry renders all coupling constant real, and CP is spontaneously broken by the complex flavon VEVs. The phase structure of the VEVs depends on the driving potential. Anticipating the results of the vacuum alignment in section 4.2, we see that the flavons can develop VEVs with phases 11) where the signs depend on the undetermined real couplings of the driving potential. The VEVs of the ∆(48) singlet flavons ξ, ρ and σ are real. Since the overall sign of the VEVs can be absorbed by parameter redefinition, four scenarios arise in the present model. Referring to the Appendix B, we can see that the vacuum of the flavons ϕ, χ and φ are invariant under ρ(d)X(h 1 ) and ρ(c 2 d)X(h 1 ). Hence the generalised CP symmetry is broken to
} in the neutrino sector in this case. To facilitate the presentation, we define the parameters:
Obviously all the three parameters r, s and t are real, and we have
It is straightforward to check that the following relations are satisfied
(4.14)
Hence this case is exactly case II of the general analysis in section 3. As a result, the PMNS matrix is of the form shown in Eq. (3.30), and the predictions for the lepton mixing parameters can be found in Table 3 . The formulae for the light neutrino masses in Eq. (3.32) are simplified to 15) while the expression for θ is
Note that three real parameters r, s and t are involved in the light neutrino mass matrix. They can be determined by experimental data of θ 13 and mass-squared differences. 8 solutions are found when the best-fit values of sin 2 θ 13 = 0.0227, ∆m [26] are taken. The resulting predictions for the lepton mixing parameters and the light neutrino masses are summarized in Table 6 . We see that the neutrino mass spectrum can be NO or IO in the present model. The sum of neutrino masses is i m i 133.713 meV for NO and i m i 154.891 meV for IO, which are well compatible with the latest results from the Planck satellite: i m i < 0.23 eV(95% CL; Planck+WMAP-pol+highL+BAO) [34] .
Besides mixing angles, CP-violating phases and light neutrino masses, this model yields definite predictions for the effective mass parameters m β in beta decay experiments and m ββ in neutrinoless double-beta decay (0νββ) experiments, where m β and m ββ are defined through
respectively. For the best-fit values of θ 13 and ∆m 2 ij shown above, we find that m β is predicted to be m β 36.842 meV for NO and m β 59.476 meV for IO. This is still below the expected sensitivity of the KATRIN experiment [35] , whereas the IO case could be tested by the proposed next-generation experiments, such as Project 8 and PTOLEMY [36] . The effective mass m ββ can be 32.285 meV, 17.962 meV for NO or 55.125 meV, 27.041 meV for IO, depending on which quadrant the Majorana phase α 21 lies in. The current best upper bounds on m ββ are given by EXO-200 [37] and KamLAND-Zen [38] , with a combined result m ββ < 120 − 250 meV [38] . With an uncertainty from nuclear physics, the next generation experiments EXO-1000 [39] , CUORE [40] , GERDA III [41] , KamLAND2-Zen [42] et. al. are expected to push the m ββ sensitivity to tens of meV, and thus have the potential to rule out our model. (b).
The remnant CP symmetry in the neutrino sector turns out to be
3 )X(h 1 )} in this case. This corresponds to case VIII investigated in section 3. Similar to the previous case, we introduce the following three real parameters: 18) which is related to the parameters α, β, γ and in Eq. (4.9) as
As a consequence, the following relations are satisfied
The constraints of case VIII are reproduced, as shown in respectively, and the resulting lepton mixing parameters are displayed in Table 3 . Similar to the previous case, the light neutrino sector is also controlled by three real parameters r, s and t, and hence the model is quite predictive. Imposing the measured values of θ 13 and ∆m 2 ij [26] , predictions for lepton mixing parameters, neutrino masses, and the effective mass parameters m β , m ββ are presented in Table 7 . Comparing with the results of scenario (b) in Table 6 , we see that this scenario gives rise to nearly the same predictions for lepton mixing parameters and neutrino masses as scenario (b), except the Majorana phase α 21 . As a consequence, the predictions for m β coincide while m ββ takes different values in the two scenarios.
(c).
Comparing with the results of Appendix B, we see that the VEVs of the flavons ϕ and χ break the generalised CP symmetry to
3 )X(h 1 )} in the neutrino sector. Hence this case is identical to the case IV of the general analysis in section 3. It is straightforward to check that the neutrino mass matrix m ν is of the same form as the corresponding one of case IV. As a result, the lepton mixing matrix is Obviously the observed value of θ 13 cannot be produced in this scenario. As has been pointed out in section 3, one has to permute the rows of U PMNS as done in Eq. (3.38) in order to achieve agreement with the present data. This permutation corresponds to exchanging the three charged lepton masses. However, the charged lepton masses are predicted to be of different order of magnitude in the present model, so that this permutation is forbidden.
The remnant CP symmetry in the neutrino sector is
Re and Im = √ 3 γ Re are met for this phase structure. Hence this is exactly case VI discussed in section 3. The PMNS matrix is of the form where the unitary matrix Ω is the one in Eq. (3.45) and the rotation angle θ is given by tan 2θ = −t/(2r). As a consequence, the reactor mixing angle is 22) which doesn't match with the experimental data.
Vacuum alignment
We exploit the supersymmetric driving field method to solve the vacuum alignment problem [43] . This approach generally introduces a continuous U (1) R symmetry under which matter superfields carry charge +1, the Higgs and flavon fields are uncharged and the socalled driving fields indicated with the superscript "0" carry charges +2. In the limit of unbroken supersymmetry, the F −terms of the driving fields should vanish such that vacuums of flavons get aligned. The driving field content and transformation properties of these 5 We can reorder the first and the third light neutrino masses such that the first and the third column of the above PMNS matrix is permutated. The resulting θ 13 fulfills sin 2 θ 13 =
0.247. 6 If we exchange the first and the third columns of this PMNS matrix, θ 13 would be given by sin fields are shown in Table 8 . The most general driving superpotential invariant under the family symmetry ∆(48) × Z 2 × Z 5 × Z 6 is given by
The solution to the above equation is given by
The VEVs v φ l , v ϕ l and v ρ l are related by
In the neutrino sector, the vacuum alignment problem is more complicated, since we need to realize not only the desired Z 2 residual family symmetry but also the residual CP symmetry after symmetry breaking. In other words, we have to handle the phases of the VEVs very carefully. In the following, we will solve this problem step by step from the driving superpotential w ν d . The F −term conditions of the driving fields ϕ 0 and φ 0 take the following form
(4.29)
we can straightforwardly get vacuums of ϕ and φ as
Furthermore, the vacuum of χ is determined by
Given the alignment of φ in Eq. (4.30), the vacuum of the flavon χ is derived as
with v
Finally, the F −term conditions obtained from the singlet driving fields ξ 0 , σ 0 , σ 0 and σ 0 are of the form
Having completed the model construction and its phenomenological implication analysis at LO, the question of the higher order corrections arises. At the purely effective level, all the higher dimensional (non-renormalisable) operators compatible with the imposed symmetries should be taken into account. As a consequence, the successful LO results generally tend to be erased partly by the large numbers of higher order contributions. Thus a purely effective formulation would leave room for different physical predictions. In order to remove any such ambiguity within our model, we would like to formulate an ultraviolet (UV) completion of the above effective model. In such UV-completed model, the non-renormalisable terms of the effective theory arise by integrating out the heavy messenger fields.
The driving superpotential w d in Eq. (4.25) which produces the required vacuum alignment is already fully renormalisable, and its existence is not subject to the presence of the messenger fields. As a result, the vacuum alignments of flavon fields shown in Eqs. (4.27), (4.30) , and (4.33) remain intact. We come to the non-renormalisable superpotential w eff l in Eq. (4.2) which is responsible for the charged lepton masses. To generate these terms, we add three pairs of heavy fields Θ i and Θ c i with i = 1, 2, 3. Notice that these messenger fields are chiral superfields with non-vanishing hypercharge: 2 (+2) for Θ i (Θ c i ). Similar to the lepton fields, they carry a charge +1 under the U (1) R symmetry. Their transformation properties under the family symmetry ∆(48) × Z 2 × Z 5 × Z 6 can be found from Table 9 . With the particle content and charge assignments collected in Table 5 and Table 9 , the renormalisable superpotential for the charged lepton sector reads We see that all the non-renormalisable terms in Eq. (4.3) are reproduced here. We note that there are additional terms which also appear at the renormalisable level involving the messengers
These terms can also be taken into account when the heavy fields are integrated out. They give rise to subleading contributions of the form (ν c ν c
, where Φ ν = {ϕ, φ, χ, ρ, σ} and M Σ denote the generic messenger mass M Σ 1 or M Σ 2 . Since these subleading operators are not contaminated by the charged lepton flavons φ l , ϕ l and ρ l , the results for the mixing parameters remain unchanged, whereas the light neutrino masses acquire corrections which are suppressed by Φ ν /M Σ .
Conclusions
In this work, we perform a comprehensive analysis of the ∆(48) family symmetry combined with the generalized CP symmetry H CP . The generalized CP transformation is a necessary extension of the canonical CP transformation φ → φ * in the presence of a non-abelian discrete family symmetry. It has been established that each generalised CP transformation corresponds to an automorphism of the family group. The automorphism group of ∆(48) is somewhat complex:
, and its order is 384. Hence ∆(48) family symmetry provides much more choices for admissible generalised CP transformations than some popular family groups such as A 4 , S 4 etc. As a consequence, different results for mixing angles and CP phases arise.
We have performed a systematic and model-independent analysis of lepton mixing within ∆(48) H CP , where neutrinos are taken to be Majorana particles, and the generalized CP and family symmetries are assumed to be broken to different subgroups in the charged lepton and neutrino sectors, respectively. Totally, we have found 10 cases, as shown in Table 2 and  Table 3 . The predictions for neutrino masses and lepton mixing parameters are presented in detail for each case. All mixing angles and CP phases are determined in terms of a single real parameter θ. In order to assess to what extent the experimental data can be explained, a χ 2 analysis is performed. The measured lepton mixing angles can be accommodated rather well for certain values of the parameter θ except cases III and V which predict a slightly large θ 13 . In particular, we find a new mixing pattern in which all CP phases are nontrivial functions of the parameter θ, as shown in Table 3 . The excellent agreement with the experimental data can be achieved by a proper choice of θ, and the Dirac-type CP violation is neither maximal nor vanishing. This mixing pattern can be tested in future long-baseline neutrino oscillation experiments.
Motivated by the general analysis, we construct an effective supersymmetric model based on ∆(48) family symmetry and generalised CP symmetry, and the auxiliary symmetry Z 2 × Z 5 ×Z 6 is introduced to eliminated dangerous operators. In our model, the observed charged lepton mass hierarchy is reproduced, since the tau, muon and electron mass terms involve one flavon, two flavons and three flavons, respectively. The symmetry ∆(48) H CP is spontaneously broken down to Z c 2 2 × CP in the neutrino sector, and the new interesting mixing pattern in Table 3 is naturally realized. At leading order, the light neutrino mass matrix depends on three parameters which can be fixed by the measured mass-squared differences ∆m 2 12 , ∆m 2 31 for NO (or ∆m 2 32 for IO ), and the mixing angle θ 13 . Therefore our model have definite predictions for mixing angles, CP phases and the absolute neutrino mass scale. In addition, we have shown that the desired vacuum alignment can be achieved in the driving field approach. Furthermore, the UV completion of the model is formulated in order to remove the ambiguity caused by higher dimensional operators allowed by the symmetry, in which non-renormalisable operators arise from integrating out the heavy messenger fields.
One of the major physical goals of the future experimental neutrino physics is to measure the CP violation. Combining family symmetry with generalized CP symmetry may shed new light on the origin of lepton mixing and CP violation in the lepton sector. Most models based on this idea usually predict that the Dirac CP phase δ CP takes some specific values δ CP = 0, π or ±π/2. However, as what happened in the quark sector, the Dirac CP-violating phase in the lepton sector might not be such regular values. If that is the case, ∆(48) family symmetry and the associated generalised CP could be a useful alternative. ∆(48) H CP down to G ν in the neutrino sector in order to derive this mixing pattern.
Hence it is convenient to list the most general form of the VEVs that flavon fields in different representations of ∆(48) can take and which leave G ν invariant. As shown in Table 1 , the concrete value of the remnant CP symmetry H ν CP depends on which ∆(48) triplets (3, 3 , 3 or 3 ) the three generations of the left-handed lepton doublets l are embedded into. Here we assign l to be a triplet 3 without loss of generality. The vacuum invariant under the residual symmetry in the relevant four cases II, IV, VI and VIII are of the following forms.
• Table 12 : Clebsch-Gordan coefficients of ∆(48) in our basis: Part I.
